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Abstract
The free energy of the supersymmetric t− J model is expressed in terms of finite tem-
perature excitations above thermodynamic equilibrium. This reveals that the free energy
has the form of noninteracting fermions with temperature dependant excitation spectra.
We also discuss the ground state and zero temperature excitations.
PACS numbers:75.10-b 71.20AD
1 Introduction
Strong electron correlations are believed to be important in understanding the high Tc supercon-
ductors [1]. This idea is supported by the fact that the high Tc compounds display antiferromag-
netism in the absence of doping. The t − J model describes strongly correlated electrons with
antiferromagnetic exchange interactions, and has been proposed as a candidate to model high
Tc superconductors by Zhang and Rice [2]. The one dimensional version of the model becomes
integrable [3] and supersymmetric [4] for special values of the parameters t and J . Integrability
allows the model to be solved by Bethe’s ansatz and supersymmetry leads to the construction of
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three distinct Bethe ansatz solutions. Lai [5] and Sutherland [6] each found a solution in the con-
text of models of hard core bosons and fermions which are now understood to be equivalent to the
supersymmetric t− J model. Schlottman [3] applied the Bethe ansatz to the t− J hamiltonian,
and found Lai’s solution describes the model when electrons are treated as dynamical objects in
a background of empty sites. Sarkar [7] discovered that Sutherland’s solution applies to the t−J
model if one treats holes and spin down electrons as dynamical objects in a background of spin
up electrons. There is a third and quite recent solution due to Essler and Korepin [8], which is
similar to Sutherland’s, but interchanges the roles of the spin down electrons and the holes.
The ground state of the t−J model was constructed in [3, 5, 7]. The free energy was calculated
in [3]. Bares, Blatter, and Ogata [9] use both Lai’s and Sutherland’s ansatzes to give a detailed
account of the ground state and excitation spectrum, including extensive numerical analysis.
The outline of the paper is as follows: in sec. 2 we define the model and take the thermo-
dynamic limit of the the Bethe ansatz equations. In sec. 3, the bulk free energy is expressed
in terms of finite temperature excitations. In these terms, the free energy has the form of a
noninteracting system with temperature dependant excitation spectra. This structure has been
observed in such models as the δ-function bose gas [10] and the XXZ spin chain [11], here these
ideas are extended to th e t− J model. In sec. 4 we discuss the ground state and the order one
excitation spectrum. The results agree with those of [3, 9], we present them here for complete-
ness, and to see how see how they arise from a different form of Bethe ansatz. In the appendix
we note that the different ansatzes are related by an interchange of particle and hole rapidities.
2 Formulation
The t − J model describes spin-1
2
fermions on a lattice. The on-site coulomb repulsion is taken
to be infinite, so that there is no double occupancy of the sites. The constraint of no double
occupancy implies that the number of empty sites (holes) is conserved, which allows one to think
of the empty sites as dynamical objects. The parameter t describes how easily the electrons hop
from site to site and J describes the strength of an antiferromagnetic exchange interaction. The
Hamiltonian is
H = P{
L∑
j=1
∑
σ=↑,↓
t(c†j,σcj+1,σ + c
†
j+1,σcj,σ) + J(~Sj · ~Sj+1 −
1
4
njnj+1)}P + 2Nˆ − L. (2.1)
L is the number of lattice sites. cj,σ, and c
†
j′,σ′ are electron creation and annihilation operators
which obey the anti-commutation relations
{cj,σ, cj′,σ′} = 0, {cj,σ, c
†
j′,σ′} = δj,j′δσ,σ′ , σ, σ
′ =↑, ↓ . (2.2)
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P is the operator which projects out doubly occupied sites, ~Sj = c
†
j,σ~σσ,σ′cj,σ′, where ~σσ,σ′ is the
vector of Pauli spin matrices, and nj is the number of electrons at site j. Nˆ is the operator for the
total number of electrons. We have added the term 2Nˆ−L onto the definition of the Hamiltonian
in [3, 9], which just shifts the energy and chemical potential. We shall consider this model at
the special point J = 2t = 2, where the model is integrable and supersymmetric [4]. Also, at
this special point the Hamiltonian (2.1) may be rewritten as a graded permutation operator [7],
H = −
L∑
j=1
Πj,j+1, (2.3)
where Πj,j+1 interchanges the states on neighboring sites, with a minus sign if electrons sit on
both sites.
The eigenstates and spectrum of the Hamiltonian (2.1) at the supersymmetric point may
be found by nested Bethe ansatz, a technique introduced by Yang in [12]. The spectrum of
the Hamiltonian (2.1) and other conserved quantities are given in terms of a set of coupled
algebraic equations known as Bethe ansatz equations(BAE). As mentioned in the introduction,
there are three distinct sets of BAE for the model. We shall analyze the solution due to Essler
and Korepin [8], where the coordinates of holes and spin down electrons are taken as dynamical
objects moving in a background of spin up electrons. This solution expresses the eigenvalues of
the Hamiltonian and total momentum as:
E = L−
N↓+Nh∑
l=1
4
λ2l + 1
, (2.4)
P =
N↓+Nh∑
l=1
i log
(λl + i
λl − i
)
, (2.5)
where the Nh+N↓ spectral parameters λl describe the motion of holes and spin down electrons.
They must satisfy the Bethe ansatz equations
(λl + i
λl − i
)L
=
N↓∏
β=1
λl − Λβ + i
λl − Λβ − i
l = 1, ..., N↓ +Nh, (2.6)
1 =
N↓+Nh∏
l=1
λl − Λβ + i
λl − Λβ − i
β = 1, ..., N↓. (2.7)
N↓, N↑, and Nh = L − N↓ − N↑ are the number of spin up electrons, spin down electrons, and
holes respectively. The N↓ parameters Λβ describe the motion of the spin down electrons relative
to the holes.
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The equations (2.6) and (2.7) have real and complex solutions. The complex solutions are
of a special form known as strings, which may be found by fixing Nh and N↓ and letting the
lattice size L go to infinity. One finds complex solutions consisting of n λ’s and n− 1 Λ’s in the
following combinations [8]:
λj = λ+ i(n + 1− 2j) j = 1, ..., n
Λδ = λ+ i(n− 2δ) δ = 1, ..., n− 1, (2.8)
for arbitrary n = 1, ...,∞. The real part common to all the parameters, λ, is known as the center
of the string. Physically, string solutions are bound states in the sense that an eigenfunction
with the string combinations decays exponentially with respect to the coordinates of the down
spins and holes. We shall see later in this section that the string solutions (2.8) yield a complete
spectrum of the hamiltonian. In a finite box, the string solutions (2.8) are not exact. We assume,
along with many authors (ie. [13, 14, 15]), that the corrections vanish in the thermodynamic limit.
We wish to write BAE for the centers of the strings. Let λnα the center of the αth string of
length n, and Λβ be real rapidities for spin down electrons not in any bound state. Denote the
number of strings of length n by Nn and the number of free spin downs by NΛ. Multiplying
together the equations for each part of the string yields
(λnα + in
λnα − in
)L
=
∞∏
m=1
Nn∏
γ=1
(m,γ) 6=(n,α)
Fnm(λ
n
α − λ
m
γ )
NΛ∏
β=1
λnα − Λβ + in
λnα − Λβ − in
(2.9)
where n = 1, ...,∞ and
1 =
∞∏
n=1
Nn∏
α=1
Λβ − λ
n
α + in
Λβ − λnα − in
, (2.10)
where
Fnm(x) = e(
x
|n−m|
)e2(
x
|n−m|+ 2
)× · · · × e2(
x
n+m− 2
), (2.11)
and we have defined e(x) = x+i
x−i
.
The energy and momentum in terms of the centers of the strings are
E = L−
∞∑
n=1
Nn∑
α=1
4n
(λnα)
2 + n2
, (2.12)
and
P =
∞∑
n=1
Nn∑
α=1
p(
λnα
n
), (2.13)
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where p(λ) = 2 tan−1(λ)− π.
In order to count the solutions and take the thermodynamic limit of the BAE, we take the
logarithm of (2.9) and (2.10):
Lθ(
λnα
n
) = 2πInα +
∞∑
m=1
Nm∑
γ=1
Θnm(λ
n
α − λ
m
γ ) +
NΛ∑
β=1
θ(
λnα − Λβ
n
), (2.14)
and
∞∑
n=1
Nn∑
α
θ(
Λβ − λ
n
α
n
) = 2πJβ, (2.15)
where θ(x) = 2 tan−1(x), and
Θnm(x) =
{
θ( x
|n−m|
) + 2θ( x
|n−m|+2
) + · · ·+ 2θ( x
n+m−2
) if n 6= m
2θ(x
2
) + 2θ(x
4
) + · · ·+ 2θ( x
n+m−2
) if n = m.
(2.16)
Inα and Jβ are integers (half integers) arising from the choice of the branch of the logarithm. I
n
α
is an integer (half integer) if (L−
∑
m6=nNm −NΛ) is even (odd). Jβ is an integer (half integer)
if (
∑∞
n=1Nn) is even (odd).
Given a solution {λnα}, {Λβ} define functions
zn(λ) ≡ θ(
λ
n
)−
1
L
∞∑
m=1
Nm∑
γ=1
Θnm(λ− λ
m
γ )−
1
L
NΛ∑
β=1
θ(
λ− Λβ
n
) (2.17)
for n = 1, ...,∞, and
zΛ(Λ) =
1
L
∞∑
n=1
Nn∑
α=1
θ(
Λ− λnα
n
). (2.18)
By definition, Lzn(λnα) = 2πI
n
α and Lz
Λ(Λβ) = 2πJβ. If z
n(λ) and zΛ(Λ) are monotonic functions,
then specifying sets of integers {Inα} and {Jβ} uniquely determines the solution of (2.9) and
(2.10). Define the integers corresponding to infinite spectral parameter by 2πIn∞ = Lz
n(∞)
and 2πJ∞ = Lz
Λ(∞). In order to count the states correctly, we discard solutions with infinite
spectral parameter, yielding the maximum allowable integers
Inmax = I
n
∞ − 1
=
1
2
(L−
∞∑
m=1
Nm(tnm − 1)−NΛ − 2), (2.19)
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and
Jmax = J∞ − 1 (2.20)
=
1
2
(
∞∑
n=1
Nn − 2),
where tnm = 2min(m,n) − δnm. Counting solutions of the BAE (2.9) and (2.10) using the
above, and taking into account that each Bethe state generates a supersymmetry multiplet of
size d = 8Sz, one obtains a sum for the total number of states identical to the corresponding
formula found by Foerster and Karowski using Sutherland’s ansatz in [16]. There it is shown
that the sum adds up to 3L, the total number of possible states. Thus there are no additional
complex solutions other than (2.8) contributing to the spectrum.
We may also use equations (2.17) and (2.18) to define hole rapidities. Having assumed that
zn and zΛ are monotonic functions of λ and Λ, then for any unoccupied integer I¯nα , there exist a
corresponding hole rapidity λ¯nα. We will call the combined sets of {λ
n
α} and {λ¯
n
α} the vacancies
for parameters. Vacancy integers run through the entire allowed range of integers.
2.1 Thermodynamic Limit of BAE
We now take the thermodynamic limit of the Bethe ansatz equations (2.9) and (2.10), fixing the
electron and magnetization densities. The solutions to the BAE become densely packed with
differences between neighboring λnj+1 − λ
n
j ,Λj+1 − Λj ∼ O(1/L). One passes to a description of
the states in terms of densities. Define particle and hole densities:
ρpn(λ) ≡ lim
L→∞
1
L(λIn
j+1
− λIn
j
)
, ρhn(λ) ≡ lim
L→∞
1
L(λ¯I¯n
j+1
− λ¯I¯n
j
)
(2.21)
and
σp(Λ) ≡ lim
L→∞
1
L(ΛJj+1 − ΛJj)
, σh(Λ) ≡ lim
L→∞
1
L(Λ¯J¯j+1 − Λ¯J¯j)
, (2.22)
and the total density of vacancies is ρtn = ρ
p
n+ ρ
h
n and σt = σ
p+σh. In the thermodynamic limit,
the Bethe ansatz equations become integral relations between the densities:
ρtn(λ) = fn(λ)−
∞∑
m=1
∫ ∞
−∞
dλ′Anm(λ− λ
′)ρpm(λ
′)−
∫ ∞
−∞
dΛfn(λ− Λ)σ
p(Λ) (2.23)
and
σt(Λ) =
∞∑
n=1
∫ ∞
−∞
dλfn(Λ− λ)ρ
p
n(λ), (2.24)
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where
fn(λ) =
1
2π
d
dλ
θ(λ) =
1
π
n
λ2 + n2
(2.25)
and
Anm(λ) =
{
f|n−m|(λ) + 2f|n−m|+2 + · · ·+ 2fn+m−2 if n 6= m
2f2 + 2f4 + · · ·+ 2f2n−2 if n = m.
(2.26)
3 Thermodynamics
3.1 Free Energy
To calculate the free energy, we follow the techniques developed by Yang and Yang [10], Taka-
hashi [13], and Gaudin [14]. The free energy is a functional of the densities:
F = E − µN − BSz − TS, (3.1)
where the energy is (all integrals beyond this point are between −∞ and ∞ unless explicitly
otherwise)
E = L(1−
∞∑
n=1
∫
dλ4πfn(λ)ρ
p
n(λ)), (3.2)
the number of particles is
N = L(1−
∫
dλ
∞∑
n=1
ρpn(λ) +
∫
dΛσp(Λ)), (3.3)
the magnetization is
2Sz = L(1−
∞∑
n=1
(2n− 1)
∫
dλρpn(λ)−
∫
dΛσp(Λ)), (3.4)
and the entropy is given by
S = L
[∫
dλ
∞∑
n=1
[ρtn log(ρ
t
n)− ρ
p
n log(ρ
p
n)− ρ
h
n log(ρ
h
n)] +
∫
dΛ[σt log(σt)−σp log(σp)−σh log(σh)]
]
.
(3.5)
To obtain the entropy (3.5), note that the number of states in in an interval dλ in one of the
fermi seas is
N(λ, dλ) = eS(λ)dλ =
[Lρtdλ]!
[Lρpdλ]![Lρhdλ]!
. (3.6)
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This the number of ways to put [Lρpdλ] “particles” into [Lρtdλ] vacancies. Using Stirling’s
approximations for the factorial function at large N ,logN ! ∼ N logN , and adding up the con-
tribution due to all types of particles, one arrives at (3.5).
We now have the free energy for an arbitrary state. To find the equilibrium value, one
minimizes the free energy with respect to the densities. We take the ρpn and σ
p as the independent
variables, with ρtn and σ
t determined from (2.23) and (2.24). Setting the variation of the free
energy equal to zero yields a infinite set of coupled nonlinear integral equations for the equilibrium
densities:
ǫn(λ) = ǫ
0
n(λ)+T
∞∑
m=1
∫
dνAnm(λ− ν) log(1+ e
−
ǫm(ν)
T )−T
∫
dΛfn(λ−Λ) log(1+ e
−
ǫΛ(Λ)
T ), (3.7)
with n = 1, ...,∞, and
ǫΛ(Λ) = −µ −B + T
∞∑
n=1
∫
dλfn(Λ− λ) log(1 + e
−
ǫn(λ)
T ), (3.8)
where we have written the equations in terms of the functions
ǫn ≡ T log(
ρhn
ρpn
), ǫΛ ≡ T log(
σh
σp
), (3.9)
and
ǫ0n(λ) = −4πfn(λ)−B(2n− 1) + µ. (3.10)
Evaluating the free energy at the minimum yields the equilibrium value
F
L
= (1 +B − µ)− T
∞∑
n=1
∫
dλfn(λ) log(1 + e
−
ǫn(λ)
T ). (3.11)
= −1− T
∫
dλf1(λ) log(1 + e
−
ǫ1(λ)
T )− T
∫
dΛf2(Λ) log(1 + e
−
ǫΛ(Λ)
T ) (3.12)
= (1− 2µ)− ǫΛ(Λ = 0). (3.13)
The density as a function of the chemical potential is determined from (3.3). The expressions
(3.7),(3.8), and (3.11) determining the free energy are equivalent to the corresponding expressions
in [3] as indicated in the appendix.
3.2 Finite Temperature Excitations
We now construct finite temperature excitations above the equilibrium state, following the tech-
niques developed in [10]. The idea is as follows: The equilibrium state consists of an infinite
8
number of fermi seas. The state is highly degenerate, so arbitrarily choose one representative.
Now add a particle to one of the seas, all the other seas will change in response. The energy of
such an excitation is independent of which equilibrium state one started from, and is called a
finite temperature excitation.
We begin with a single particle excitation in the sea of strings of length n′. Consider an
equilibrium state for large but finite L. If one inserts an additional particle into the sea at λp,
this leads to an order one excitation above the equilibrium state. This is shown in Figure 1. The
rapidities in all the seas will shift, λnα → λ˜
n
α, Λβ → Λ˜β, with λ
n
α − λ˜
n
α ∼ Λβ − Λ˜β ∼ O(1/L). We
will describe this flow by introducing shift functions [17]:
Sn(λ|λp) ≡ lim
L→∞
λnα − λ˜
n
α
λnα+1 − λ
n
α
, (3.14)
and
SΛ(Λ|λp) ≡ lim
L→∞
Λβ − Λ˜β
Λβ+1 − Λβ
, (3.15)
where the difference in the denominator is between neighboring vacancies. The energy of the
excitation is
∆E = ǫ0n′(λp) +
∞∑
n=1
Nn∑
α=1
(ǫ0n(λ˜
n
α)− ǫ
0
n(λ
n
α)) (3.16)
≃ ǫ0n′(λp)−
∞∑
n=1
Nn∑
α=1
(∂λǫ
0
n)(λ
n
α)(λ
n
α − λ˜
n
α). (3.17)
In the thermodynamic limit the sums become integrals
∆E = ǫ0n′(λp)−
∞∑
n=1
∫
dλ(∂λǫ
0
n)(λ)θn(λ)Sn(λ|λp), (3.18)
where θn(λ) = (1+e
ǫn
T )−1 and θΛ = (1+e
ǫΛ
T )−1. In a similar way, the momentum of the excitation
is determined to be
∆P = p(
λp
n′
)−
∞∑
n=1
∫
p′(
λ
n
)θn(λ)Sn(λ|λp) ≡ kn(λp), (3.19)
where p′(λ
n
) = ∂λp(
λ
n
). The shift functions can be found from the BAE. Consider the equations
for vacancies,
Lθ(
λnα
n
) = 2πIn +
∞∑
m=1
Nm∑
γ=1
Θnm(λ
n
α − λ
m
γ ) +
NΛ∑
β=1
θ(
λnα − Λβ
n
) (3.20)
9
and
∞∑
n=1
Nn∑
α=1
θ(
Λβ − λ
n
α
n
) = 2πJ, (3.21)
where In and J now take on all integers values within the allowed range. The BAE after adding
one particle to the n′ sea are
Lθ(
λ˜nα
n
) = 2π(In+ sn)+
∞∑
m=1
Nm∑
γ=1
Θnm(λ˜
n
α− λ˜
m
γ )+
NΛ∑
β=1
θ(
λ˜nα − Λ˜β
n
)+Θnn′(λ˜nα−λp)−Θnn′(λ˜
n
α−λh)
(3.22)
and
Nn∑
α=1
θ(
Λ˜β − λ˜
n
α
n
) + θ(
Λ˜β − λp
n′
)− θ(
Λ˜β − λh
n′
) = 2π(J + sΛ). (3.23)
Here sn (n 6= n′), sΛ are arbitrary half integers, sn
′
is an integer arising from from a freedom to
shift the excited state distribution by a constant. Shifting the seas by by half-integers (integer)
leads to an O(1/L) shift in the energy and an O(1) shift in the momentum. Subtracting the
shifted equations from the unshifted one and writing the differences f(x+ dx)− f(x) as f ′(x)dx,
one obtains
Lfn(λ
n
α)(λ
n
α − λ˜
n
α) =
∞∑
m=1
Nm∑
γ=1
Anm(λ
n
α − λ
m
γ )((λ
n
α − λ˜
n
α)− (λ
m
γ − λ˜
m
γ )) (3.24)
+
NΛ∑
β=1
fn(λ
n
α − Λβ)((λ
n
α − λ˜
n
α)− (Λβ − Λ˜β)) (3.25)
−
1
2π
Θnn′(λ˜
n
α − λp)− s
n (3.26)
and
∞∑
n=1
Nn∑
α=1
fn(Λβ − λ
n
α)((λβ − λ˜β)− (λ
n
α − λ˜
n
α))−
1
2π
θ(
Λ˜β − λp
n′
) = −sΛ (3.27)
Then using (2.23), (2.24) one obtains the following integral equations for the shift functions:
Sn(λ) = −
∞∑
m=1
∫
dνAnm(λ− ν)θm(ν)Sm(ν) (3.28)
−
∫
dΛfn(λ− Λ)θΛ(Λ)SΛ(Λ)
−
1
2π
Θnn′(λ− λp)− s
n
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and
SΛ(Λ) =
∞∑
n=1
∫
dνfn(Λ− λ)θn(λ)Sn(λ) +
1
2π
θ(
Λ− λp
n′
) + sΛ (3.29)
We can now show an interesting identity. First rewrite
−
1
2π
Θnn′(λ− λp) = −
∫ λp
−∞
dν
1
2π
(∂νΘnn′)(λ− ν)−
1
2π
Θnn′(∞) (3.30)
=
∫ λp
−∞
dνAnn′(λ− ν)−
1
2
(2min(n, n′)− δnn′ − 1), (3.31)
and also
1
2π
θ(
Λ− λp
n′
) = −
∫ λp
−∞
dνen′(λ− ν) +
1
2
. (3.32)
Taking the derivative of the integral equations for the functions ǫn,ǫΛ ((3.7) and (3.8)), with
respect to λ,Λ and noting that all of the kernels are symmetric functions, one can see by simple
substitution that
∆E = ǫn′(λp)− B(2n
′ − 1) + µ. (3.33)
In other words, the functions ǫn may be interpreted as the dressed excitation energy above the
equilibrium. Proceeding in a similar way for particle-hole excitation in the Λ sea, one obtains
∆E = ǫΛ(Λp)−B − µ (3.34)
and
∆P = −
∞∑
n=1
∫
dλp′(
λ
n
)θn(λ)S¯n(λ) ≡ kΛ(Λp), (3.35)
where the shift functions S¯n(λ|Λp) and S¯Λ(Λ|Λp) satisfy
S¯n(λ) = −
∞∑
m=1
∫
dνAnm(λ− ν)θm(ν)S¯m(ν) (3.36)
−
∫
dΛfn(λ− Λ)θΛ(Λ)S¯Λ(Λ)
−
1
2π
θ(
λ− λp
n
)− s¯n
and
S¯Λ(Λ) =
∞∑
n=1
∫
dλfn(Λ− λ)θn(λ)S¯n(λ) + s¯
Λ. (3.37)
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Hole excitations may also be constructed. The equations for the shift functions are the same
as (3.28),(3.29), except the inhomogeneous terms have opposite sign.. This leads to the energy
∆E = −ǫn′(λh) +B(2n
′ − 1) + µ. (3.38)
Composite excitations are sums of the elementary ones, for instance a particle-hole excitation in
the n′ sea has shift functions
Sn(λ|λp, λh) = Sn(λ|λp) + Sn(λ|λh), (3.39)
A general order one excitation above the equilibrium is of the form
∆E =
∞∑
n=1
∑
k
ǫn(λpk)−
∞∑
n=1
∑
l
ǫn(λhl) +
∑
m
ǫΛ(Λpm)−
∑
n
ǫΛ(Λhn), (3.40)
with momentum
∆P =
∞∑
n=1
∑
k
kn(λpk)−
∞∑
n=1
∑
l
kn(λhl) +
∑
m
kΛ(Λpm)−
∑
n
kΛ(Λhn). (3.41)
An interpretation of these results is as follows [10]: Consider the functions ǫn(λ, µ, T ) and
ǫΛ(λ, µ, T ) as temperature dependent excitation energies of a noninteracting fermi system. If
one calculates the free energy of such a system, the result is exactly the answer for the true
free energy (3.11) of the interacting system. There is a freedom to choose how many species of
fermions represent the system, either an infinite number for equation (3.11) or two for equation
(3.11).
4 Ground State and Excitations
4.1 Ground State
We shall obtain the ground state and excitations by taking the T → 0 limit of the thermodynamic
equations. Taking the zero temperature limit of equations (3.7) and (3.8), we note that ǫn ≥ 0
for n ≥ 2. This makes the dependence of the integral equations on ǫn, for n ≥ 2, vanish in the
zero temperature limit yielding the dressed energies
ǫ1(λ) = ǫ
0
1(λ) +
∫
dΛf1(λ− Λ)ǫ
−
Λ(Λ), (4.1)
ǫΛ(Λ) = −(µ +B)−
∫
dλf1(Λ− λ)ǫ
−
1 (λ), (4.2)
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and
ǫn(λ) = ǫ
0
n(λ) +
∫
dΛfn(λ− Λ)ǫ
−
Λ(Λ)−
∫
dνfn−1(λ− ν)ǫ
−
1 (ν), (4.3)
where
ǫ−(λ) =
{
ǫ(λ) if ǫ < 0
0 if ǫ ≥ 0.
(4.4)
This tells us that the ground state consists of two fermi seas: one of N1 parameters and one of
NΛ parameters. This contrasts with Lai’s ansatz which yields a ground state consisting of spin
up electrons and and bound state singlet electron pairs.
In spectral parameter space, the seas are filled according to Figure 2. The N1 sea is filled
symmetrically around λ = 0 up to some fermi level ±Q1. The NΛ sea is is filled placing particles
at the maximum spectral parameter down to a fermi level QΛ.
The ground state energy is
E0
L
= 1−
∫ Q1
−Q1
dλ4πf1(λ)ρ
p
1(λ), (4.5)
where the densities ρp1 and σ
p satisfy the integral equations
ρp1(λ) = f1(λ)− (
∫ −QΛ
−∞
+
∫ ∞
QΛ
)dΛf1(λ− Λ)σ
p(Λ) (4.6)
and
σp(Λ) =
∫ Q1
−Q1
dλf1(Λ− λ)ρ
p
1(λ). (4.7)
The fermi boundaries Q1 and QΛ may be determined from
D =
Ne
L
= 1−
∫ Q1
−Q1
dλρp1(λ) + (
∫ −QΛ
−∞
+
∫ ∞
QΛ
)dΛσp(Λ) (4.8)
and
2Sz
L
= 1−
∫ Q1
−Q1
dλρp1(λ)− (
∫ −QΛ
−∞
+
∫ ∞
QΛ
)dΛσp(Λ). (4.9)
In zero magnetic field, the magnetization density of the ground state is zero, due to a theorem
by Lieb and Mattis [18]. This requires that N1 = L − NΛ − 1. The number of available spaces
for N1 parameters according to (2.19) is N1, so the sea is entirely filled. Thus the fermi sea
boundary Q1 goes to ∞ in the thermodynamic limit.
Considering the half-filled case, N/L = 1, in zero magnetic field, we have QΛ = 0 and
Q1 = ∞. Here the equations for the ground state are easily solved by fourier transform. The
result for the ground state energy is E0 = 1− 2 log 2, in agreement with [3] and [9].
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4.2 Excitation Spectrum in Zero Magnetic Field
We shall consider order one excitations spectrum in zero magnetic field. The dressed energy of
the excitations is given by the functions ǫ1, ǫΛ satisfying (4.1) and (4.2). Consider the case of L
even, N1 odd, and NΛ even. The momenta of an excitation in the N1 sea is given by the zero
temperature limit of (3.19),(3.28),and (3.29):
k1(λp) = p(λp)−
∫ ∞
−∞
dνp′(ν)S1(ν|λp) (4.10)
where S1,SΛ satisfy the equations
S1(λ|λp) = −(
∫ −QΛ
−∞
+
∫ ∞
QΛ
)dΛf1(λ− Λ)SΛ(Λ), (4.11)
and
SΛ(Λ|λp) =
∫ ∞
−∞
dλf1(Λ− λ)S1(λ)−
1
2π
θ(Λ− λp). (4.12)
Excitations in the NΛ sea have momentum given by the zero temperature limit of (3.35),(3.36),
and (3.37):
kΛ(Λp) = −
∫ Q1
−Q1
dλp′(λ)S¯1(λ|Λp), (4.13)
where the shift functions S¯1, S¯Λ satisfy
S¯1(λ|Λp) = −(
∫ −QΛ
−∞
+
∫ ∞
QΛ
dΛf1)(λ− Λ)S¯Λ(Λ|Λp) +
1
2π
θ(λ− Λp), (4.14)
S¯Λ(Λ|Λp) =
∫ ∞
−∞
dλf1(Λ− λ)S¯1(λ|Λp). (4.15)
For the case under considiration, all the shifts s1,sΛ, s¯1, and sΛ are zero. The momentum of
adding arbitrary numbers of particles and holes to the fermi seas is
∆P =
∑
N1 particles
k1(λp)−
∑
N1 holes
k1(λh) +
∑
NΛ particles
kΛ(Λp)−
∑
NΛ holes
kΛ(Λh). (4.16)
To see how these functions combine into excitations, first consider the less than half filled
case, D < 1. The possible elementary processes are:
1. Create hole in N1 sea: ∆N1 = −1, ∆NΛ = 0. This corresponds to adding a spin up
electron, ∆Ne = 1 ∆S =
1
2
. The energy and momentum are
∆E = −ǫ1(λh), ∆P = −k1(λh). (4.17)
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2. Create hole in NΛ sea: ∆N1 = 0, ∆NΛ = −1. This corresponds to removing a spin down
electron, ∆Ne = −1, ∆S =
1
2
. This creates a hole in the N1 sea, so the energy and
momentum are
∆E = −ǫ1(λh)− ǫΛ(Λh), ∆P = −k1(λh)− kΛ(Λh). (4.18)
3. Transfer particle from NΛ sea to N1 sea: ∆N1 = +1, ∆NΛ = −1. Removing a Λ parameter
increases holes in the N1 sea by one, in which the one λ parameter is placed. Thus, there
is no parametric dependence on λ. This excitation removes 2 electrons, with no change in
spin, ∆Ne = −2, ∆S = 0. The energy and momenta are
∆E = −ǫΛ(Λh), ∆P = −kΛ(Λh). (4.19)
4. Transfer particle from N1 sea to NΛ sea: ∆N1 = −1, ∆NΛ = +1. As in type 3, there is no
parametric λ dependence. This excitation adds 2 electrons, with no change in spin. The
energy and momentum of the excitation are
∆E = ǫΛ(Λp), ∆P = kΛ(Λp). (4.20)
5. Bind particles into bound state: ∆N1 = −2, ∆NΛ = −1, ∆N2 = +1.
This opens up two holes in the h+ ↓ sea, and one in the ↓ sea. There is only one vacancy
for the bound state, so there is no parametric dependence on its location. This excitation
does not change the number of electrons or the spin. The energy and momentum are
∆E = −ǫ1(λh1)− ǫ1(λh2)− ǫΛ(Λh), ∆P = −k1(λh1)− k1(λh2)− kΛ(Λh). (4.21)
4.3 Excitations at Half Filling
In the half filled case, D = 1, we can solve the integral equations (4.1),(4.2),(4.10)-(4.15) for the
energy and momenta. The dressed energy and momentum of an excitation in the N1 sea are
ǫ1(λ) =
−π
cosh(piλ
2
)
(4.22)
and
k1(λ) = − tan
−1(sinh(
πλ
2
)) +
π
2
. (4.23)
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For an excitation in the NΛ sea, the dressed energy and momentum are
ǫΛ(Λ) = R(Λ)− 2 log 2 (4.24)
and
kΛ(Λ) =
∫ −Λ
−∞
dΛ′R(Λ′), (4.25)
where
R(Λ) =
∫ ∞
−∞
e−iΛw
1 + e2|w|
. (4.26)
The n-string excitations have zero energy, ǫn>1 = 0. The ground state has both fermi seas filled,
N1 = L/2, NΛ = L/2− 1.
These functions combine to form excitations in the following ways:
1. Create hole in NΛ sea: ∆N1 = 0, ∆NΛ = −1. This corresponds to removing a spin down
electron, ∆Ne = −1, ∆S =
1
2
. This creates a hole in the h+ ↓ sea, so the energy and
momentum are
∆E = −ǫ1(λh)− ǫΛ(Λh) ∆P = −k1(λh)− kΛ(Λh). (4.27)
2. Transfer particle from NΛ sea to N1 sea: ∆N1 = +1, ∆NΛ = −1 In contrast with the case
away from half filling, now two holes in the NΛ sea are created. This excitation removes 2
electrons, with no change in spin, ∆Ne = −2, ∆S = 0. The energy and momenta are
∆E = −ǫΛ(Λh1)− ǫΛ(Λh2), ∆P = −kΛ(Λh1)− kΛ(Λh2). (4.28)
3. Create holes in N1 and NΛ seas: ∆N1 = −1, ∆NΛ = −1. This is not simply a sum of type
1 and 2 excitations for D < 1 because here there is no hole in the ↓ sea. This excitation
has ∆Ne = 0,∆S = 1. The energy and momentum are
∆E = −ǫ1(λh1)− ǫ1(λh2), ∆P = −k1(λh1)− k1(λh2). (4.29)
4. Bind particles into bound state: ∆N1 = −2, ∆NΛ = −1, ∆N2 = +1. This opens up
two holes in the N1 sea, and none in the NΛ sea, in contrast with type 5 excitation for
D < 1. There is only one space for the bound state, so there is no parametric dependence
its location. This excitation has ∆Ne = 0, ∆S = 0. The energy and momentum are
∆E = −ǫ1(λh1)− ǫ1(λh2), ∆P = −k1(λh1)− k1(λh2). (4.30)
The excitations 3 and 4 are identical to those in the XXX spin chain [19]. The results here
agree with those obtained in [9] using Lai’s and Sutherland’s ansatz.
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A Relationship to Lai’s Ansatz
In this section we shall how the solutions of Essler and Korepin’s ansatz, (2.6) and (2.7), are
related to solutions of Lai’s ansatz (A.1) and (A.2). A mathematical equivalence between the
ansatzes has been shown in [8] and [20].
First we recall the Lai solution [3, 5] which treats the electrons as dynamical objects in a
background of empty sites. The N↓ + N↑ spectral parameters λl describe the kinetic degrees
of freedom, the N↓ parameters describe the motion of the spins of the electrons. The spectal
parameters must satisfy the BAE:
(λl + i
λl − i
)L
=
N↓∏
β=1
(λl − Λβ + i
λl − Λβ − i
)
l = 1, ..., N↓ +N↑, (A.1)
N↓+N↑∏
l=1
(Λβ − λl + i
Λβ − λl − i
)
= −
N↓∏
γ=1
(Λβ − Λγ + 2i
Λβ − Λγ − 2i
)
. β = 1, ..., N↓. (A.2)
In this ansatz, there are two types of string solutions:
1. bound singlet electron pairs : composed of 2 λ and 1 Λ parameters:
λ = Λ + i λ′ = Λ− i (A.3)
2. spin bound states: take n Λ parameters and set
Λδ = Λ + i(n+ 1− 2δ) δ = 1, ..., n. (A.4)
In the thermodynamic limit one define densities ρ,σ′, σ1, and σn (n = 2, ...,∞) for free electrons,
bound pairs, down spins, and spin bound states respectively. The thermodynamic limit of the
Lai BAE is
ρt(λ) = f1(λ)−
∫
dΛf1(λ− Λ)σ
′p(Λ)−
∞∑
n=1
∫
dνfn(λ− ν)σ
p
n(ν), (A.5)
σ
′t(Λ) = f2(Λ)−
∫
dΛ′f2(Λ− Λ
′)σ
′p(Λ′)−
∫
dλf1(Λ− λ)ρ
p(λ), (A.6)
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and
σtn(λ) =
∫
dνfn(λ− ν)ρ
p(ν)−
∞∑
m=1
∫
dνBnm(λ− ν)σ
p
m(ν), (A.7)
where
Bnm =
{
f|n−m| + 2f|n−m|+2 + ... + 2fn+m−2 + fn+m if n 6= m
2f2 + ... + 2f2n−2 + f2n if n = m
. (A.8)
Now if one makes identification between the densities in the two ansatzes
ρp,h ↔ ρh,p1 σ
′p,h ↔ σp,h σp,hn ↔ ρ
p,h
n+1, n = 1, ...,∞, (A.9)
we may see that equations (A.5), (A.6), and (A.7) it coincide with (2.23) and (2.24). To
show this one only needs the identity
fˆnfˆm = fˆn+m, (A.10)
where have written the action of the kernel as an integral operator on some function g(λ):
fˆng(λ) ≡
∫ ∞
−∞
fn(λ− ν)g(ν). (A.11)
Thus the role of particles and hole solutions are interchanged in the ↑ + ↓ sea in Lai’s ansatz
and the N1 sea in Essler and Korepin’s ansatz. One expects that this will hold in a finite box as
well, the hole solutions of (2.7) will coincide with the particle solutions for bound pairs in Lai’s
ansatz.
Using this particle-hole correspondence, one can show that the free energy obtained here is
equal to that in ref. [3]. Identifying the energy functions, one can rewrite the integral equa-
tions for the ǫ functions, (3.7) and (3.8), to coincide with the corresponding equations in Lai’s
ansatz,equation (5.16) in [3].
References
[1] P.W. Anderson, Science 235,1196 (1987)
[2] F.C. Zhang and T.M. Rice, Phys. Rev. B37, 3759 (1988) (1990)
[3] P. Schlottman, Phys. Rev. B36,5177 (1987)
[4] D. Fo¨rster, Phys. Rev. Lett. 63, 2140 (1989)
18
[5] C.K. Lai, J. Math. Phys. 15, 1675 (1974)
[6] B. Sutherland, Phys. Rev. B12, 3795 (1975)
[7] S. Sarkar, J. Phys. A24, 1137 (1991)
[8] F.H. Essler and V.E. Korepin, Phys. Rev. B 46, 9147 (1992)
[9] P.A. Bares, G. Blatter, and M. Ogata, Phys. Rev. B44, 130 (1991)
[10] C.N. Yang and C.P. Yang, J. Math. Phys. 10, 1115 (1969)
[11] J.D. Johnson, Phys. Rev. A9,1743 (1974)
[12] C.N. Yang, Phys. Rev. Lett. 19, 1312 (1967)
[13] M. Takahashi, Prog. Theo. Phys. 46, 401 (1971)
[14] M. Gaudin, Phys. Rev. Lett. 26, 1301 (1971)
[15] C.K. Lai, Phys. Rev. Lett. 26,1472 (1971)
[16] A. Foerster and M. Karowski, Phys. Rev. B46, 9234 (1992)
[17] V.E. Korepin, G. Izergin, and N.M. Bogoliubov, Quantum Inverse Scattering Method, Cor-
relation Functions, and Algebraic Bethe Ansatz, (Cambridge Univ. Press, 1992)
[18] E.H. Lieb and D. Mattis, Phys. Rev. 125, 164 (1962)
[19] L.D. Faddeev and L.A. Takhtajan, J. Sov. Math 24, 241 (1984)
[20] P.A. Bares, J.M.P. Carmelo, J. Ferrer, and P. Horsch, MIT preprint, Feb. 1992
19
